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1
Meixner-Pollaczek polynomial ($MP$) [AAR].
$P_{m}^{(\frac{\nu}{2})}( \lambda;\phi)=\frac{(\nu)_{m}}{m!}e^{im\phi_{2}}F_{1}(^{-m,\frac{\nu}{2}+i\lambda}\nu;1-e^{-2i\phi}) (0<\phi<\pi)$ .
Meixner 1934, Pollaczek 1949 (rediscovered)
Meixner-
Pollaczek polynomial
Example 1.1 (Meixner(-Pollaczek) process $(\subset$ Levi process) in Finance). W. Schoutens (2001)
[Sc] process
Example 1.2 (Gaussian unitary ensemble). Herm $(n, \mathbb{C})$ $n$ $\mu_{n}$ Herm $(n, \mathbb{C})$
$\mathfrak{M}_{2m}(\mu_{n})=\frac{1}{n}\int_{Herm(n,\mathbb{C})}tr(X^{2m})\mathbb{P}(dX)$ ,
$\mathbb{P}(d\overline{X})=Ce^{-tr(X^{2})}\lambda(dX)$ : Gaussian probability on Herm$(n, \mathbb{C})$
( $C$ ). $C(m, n)$
$( \frac{1+x}{1-x})^{n}=1+2\sum_{m=0}^{\infty}C(m, n)x^{m+1}, C(m, n)=\sum_{k=0}^{m}[Matrix][Matrix] (n\in \mathbb{Z})$,
$\mathfrak{M}_{2m}(\mu_{n})=\frac{1}{n}\frac{(2m)}{2^{m}m}!C(m, n)$
$C(m, n)$ Meixner-Pollaczek polynomial
$C(m, n)= \frac{1}{2}(m+1)!P_{m}^{(0)}(in, \frac{\pi}{2})$
(Haver-Zagier 1986 [HZ], Mehta 1991 [Meh], Haagerup et al. 2003 [HT]). Meixner-Pollaczek
polynomial $C(m, n)$
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Example 1.3 ( Riemann zeta ).
$\Xi(t)=\frac{1}{2}s(s-1)\pi^{-{\}}\Gamma(\frac{S}{2})\zeta(s) , s=\frac{1}{2}+it (t\in \mathbb{R})$
Meixner-Pollaczek polynomial [Ku]
Example 1.4 (Operator ordering). $p,q$ $p,$ $q|=pq-qp=i$ $\sigma$ symmetrization





















$\psi_{m}^{(\nu)}(u)=e^{-u}L_{m}^{(\nu-1)}(2u)$ , $L_{m}^{(\nu-1)}(x)= \sum_{k=i}^{m}\frac{\Gamma(m+\nu)(-x)^{k}}{\Gamma(k+\nu)k!(m-k)!}$ (classical Laguerre polynomial),
$q_{m}^{(\nu)}(s)={}_{\frac{(\nu)_{m}}{m!}2}F_{1}(^{-m,s+\frac{\nu}{2}} \nu;2)=\frac{(\nu)_{m}}{m!}\sum_{k=0}^{m}\frac{(m)_{k}(-s-\frac{\nu}{2})_{k}2^{k}}{(\nu)_{k}k!}.$







$=\{f(w)|$ $F_{\backslash }^{1}J,$ $\int_{\mathcal{D}}|f(w)|^{2}(1-|w|^{2})^{\nu-2}m(dw)<\infty\}$






$(C_{\nu}f)(z)=( \frac{z-1}{2})^{-\nu}f(\frac{z-1}{z+1})$ (Cayley ),
$( \mathcal{L}_{\nu}\psi)(z)=\frac{2^{\nu}}{\Gamma(\nu)}\int_{0}^{\infty}e^{-zu}\psi(u)u^{\nu-1}du$ (Laplace ),





1 Meixner-Pollaczek polynomial Hermite
$V$ : Jordan algebra $(\dim V=N, rank V=n)$
$d$ : multiplicity $(N=n+ \frac{d}{2}n(n-1))$
$\Omega\subset V$ : symmetric cone associated with $V$
$G$ : $\Omega$ $G(\Omega)$
$K\subset G:V$ $e$
Spherical function $\varphi\epsilon$ (u), $s\in \mathbb{C}^{n},$ $u\in\Omega$
$\varphi_{s}(u)=\int_{K}\triangle_{s+\rho}(ku)dk, \rho_{j}=\frac{d}{4}(2j-n-1)$
$\mathbb{D}(\Omega)$ $G$-invariant diffferential operator $\mathbb{D}(\Omega)$ $D$
$D\varphi$ $=\gamma_{D}(s)\varphi_{S}$
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$\gamma:\mathbb{D}(\Omega)arrow \mathcal{P}(\mathbb{C}^{n})^{6_{n}}$ Harish-Chandra isomorphism $\mathcal{P}(V)$ $V$
$G$- 1
$\mathcal{P}(V)=m_{1}\geq\cdots\geq m_{n}\bigoplus_{m\in N^{n}}\mathcal{P}_{m},$
$\mathcal{P}_{m}$ : irreducible under $G$
$K$-invariant polynomials $\mathcal{P}_{m}^{K}$ $\mathbb{C}$ spherical polynomial $\Phi_{m}$
$d_{m}:=\dim P_{m}$
$D^{m}:= \Phi_{m}(\frac{\partial}{\partial u})\in \mathbb{D}(\Omega) , \gamma_{m}:=\gamma_{D^{m}}$
$\gamma_{m}(s)$ Pochhammer symbol $(s)_{m}=s(s-1)\ldots(s-m+1)$ ( $=x^{m}(_{\tau_{x}}d)^{m}$ eigenvalue)
Gindikin
$\Gamma_{\Omega}(s)=\int_{\Omega}e^{-tru}\Delta_{\epsilon}(u)\Delta(u)^{-\frac{N}{\mathfrak{n}}}m(du) (\epsilon\in \mathbb{C}^{n}, \Delta(u)=\det(u))$
$\Gamma_{\Omega}(s)=(2\pi)$ $\prod_{j=1}^{n}\Gamma(s_{j}-\frac{d}{2}(j-1))$
$\alpha\in \mathbb{C},$ $m\in \mathbb{N}^{n}$ Pochhammer symbol
$( \alpha)_{m}:=\frac{\Gamma_{\Omega}(m+\alpha)}{\Gamma_{\Omega}(\alpha)}$





Meixner-Poll$\mathfrak{X}$zek polynomial $P_{m}^{(g)}(\lambda)$ Meixner-
Pollaczek polynomial
Deflnition 2.1. Meixner-Pollaczek polynomial $\{Q_{m}^{(\nu)}(s)\}_{m\in N^{\mathfrak{n}}}$
$Q_{m}^{(\nu)}(s)= \frac{(\nu)_{m}}{(\frac{N}{n})_{m}}\sum_{k\subset m}d_{k^{\gamma_{k}(m-\rho)\gamma_{k}(-s-\frac{\nu}{2})}}(\nu)_{k}(\frac{N}{n})_{k}^{2^{|k|}}1$











spher.poly. Laguerre mult. $MP$
Operator Euler op.
1. $\mathcal{H}_{\nu}^{2}(\mathcal{D})$ :weighted Bergman
$=\{f(w)|\mathcal{D}$ $\int_{\mathcal{D}}|f(w)|^{2}\Delta(e-w^{2})^{\nu-2\frac{N}{n}}m(dw)<\infty\}$
$\mathcal{D}\subset V$ : bounded symmetric domain
2. $\mathcal{H}_{\nu}^{2}(T_{\Omega})=\{F(z)|T_{\Omega}$ $\int_{T_{\Omega}}|F(z)|^{2}\Delta(x)^{\nu-2\frac{N}{n}}m(dz)<\infty\}$




$c$ : Harish-Chandra $c$-function
$a_{\nu}^{(i)}$ : normalized constant
(intertwiner)
$(C_{\nu}f)(z)= \triangle(\frac{z+e}{2})^{-\nu}f((z-e)(z+e)^{-1})$ (Calay ),
$( \mathcal{L}_{\nu}\psi)(z)=a_{\nu}^{(3)}\int_{\Omega}e^{(z|u)}\psi(u)\triangle(u)^{\nu-\frac{N}{n}}m(du)$ (Laplace ),



















Theorem 3.1 ( ).
$(q_{1}|q_{2})_{(\nu,\theta)}= \int_{R}q_{1}(i\lambda)\overline{q_{2}(i\lambda)}e^{2\theta(\lambda_{1}+\cdots+\lambda_{n})}M_{\nu}(d\lambda).$
$(Q_{m}^{(\nu)}(s)|Q_{m}^{(\nu)},(s))_{(\nu,\theta)}=0(m\subsetneq m’ or m\supsetneq m’)$ ,
$(Q_{m}^{(\nu)}( \epsilon)|Q_{m}^{(\nu)}(\epsilon))_{(\nu,\theta)}=(\cos\theta)^{-n\nu}\frac{1}{d_{m}}\frac{(\nu)_{m}}{(\frac{N}{n})_{m}}.$




Theorem 3.3 ( ). $d=2$ $(i.e. V= Herm(n, \mathbb{C}),$ $K=U(n))$ ,
$Q_{m}^{(\nu,\theta)}( \epsilon)=(-2\cos\theta)^{-\# n(n-1)}\delta!\frac{\det(q_{m_{j}+\delta_{j}}^{(\nu-n+1,\theta)}(s_{i}))_{1\leq:,j\leq n}}{V(s_{1},\ldots,s_{n})}.$
$\delta=(n-1,n-2, \ldots, 1,0),$ $q_{m}^{(\nu,\theta)}$ Meixner-Pollaczek polynomial




$\{\epsilon_{j}\}$ : canonical basis,
$\alpha_{j}(s)=\prod_{k\neq j}\frac{s_{j}-s_{k}+\frac{d}{2}}{s_{j}-s_{k}}$
Meixner-Pollaczek polynomial $Q_{m}^{(\nu,\theta)}$ $D_{\nu,\theta}$ eigenfunction ;
$D_{\nu,\theta}Q_{m}^{(\nu,\theta)}=2|m|\cos\theta Q_{m}^{(\nu,\theta)}.$





1. involution $S$ ; $f\in \mathcal{H}_{\nu}^{2}(D)$
$(Sf)(w)=f(-w)$ . $S$ intertwiner $L_{\nu}^{2}(\Omega)$ Hankel [FK].
fractional Hankel
2. Example 1.4 $Q_{m}^{(\nu)}(\lambda_{1}, \cdots, \lambda_{n})$ Heisenberg
[FW2].
3. ad, $s\check{d}(ad(a)b=ab\vee+ba)$ $\epsilon \mathfrak{l}_{2}$ -triple
$E:= \frac{1}{2}$ad$(a)$ad $(a^{+})(= \frac{1}{2}$ad $(a^{+})$ad$(a))$ ,
$F:= \frac{1}{2}ad(a)$ ad $(a^{+})(= \frac{1}{2}$ ad$(a^{+})$ ad$(a))$ ,
$H:= \frac{1}{2}\{$ad$(a)$ad $(a^{+})-$ ad$(a)$ ad$(a^{+})\}$
$a= \frac{1}{\sqrt{2}}(x+\frac{d}{dx}) , a^{+}=\frac{1}{\sqrt{2}}(x-\frac{d}{dx})$
Meixner-Pollaczek polynomial
$[GS|$ [Sh] ad Meixner-Pollaczek polynomial
[Ko] [HZ] ( )
[AAR] G. E. Andrews, R. Askey and R. Roy: Special Functions, Encyclopedia of Mathematics and its Applica-
tions, 71. Cambridge University Press, 1999.
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